Abstract. If X is an orientable, strongly minimal P D 4 -complex and π 1 (X) has one end then it has no nontrivial locally-finite normal subgroup. Hence if π is a 2-knot group then (a) if π is virtually solvable then either π has two ends or π ∼ = Φ, with presentation a, t|ta = a 2 t , or π is torsion-free and polycyclic of Hirsch length 4; (b) either π has two ends, or π has one end and the centre ζπ is torsion-free, or π has infinitely many ends and ζπ is finite; and (c) the Hirsch-Plotkin radical √ π is nilpotent.
subgroup and π is not itself solvable then S ∼ = Z 2 or is virtually torsionfree abelian of rank 1. We show also that the Hirsch-Plotkin radical √ π of every 2-knot group is nilpotent. Finally we consider the centre ζπ. If π has one end then ζπ ∼ = Z 2 or is torsion-free, of rank ≤ 1. In particular, this is so if the commutator subgroup π ′ is infinite and ζπ has rank > 0. If π has two ends ζπ has rank 1, and may be either Z or Z ⊕ Z/2Z, while if π has infinitely many ends ζπ is finite. We extend a construction of [27] to give examples with √ π cyclic of order q or 2q, with q odd. The group Φ is the only nontrivial higher dimensional knot group which is solvable and has deficiency 1. In §4 we sketch briefly how the determination of 2-knots with this group might extend to other groups with geometric dimension 2, and perhaps to all with deficiency 1. In view of the present limitations on 4-dimensional surgery techniques, we can expect only a classification up to s-concordance (relative scobordism of knots). With this proviso, we can show that a 2-knot whose group π is a 1-knot group is determined up to s-concordance, reflections and the Gluck ambiguity (whether a knot is determined by its exterior [7] ) by π and the Aut(π)-orbit of a meridian (Theorem 5). In particular, a 2-knot with group π and meridian µ is s-concordant to the Artin spin of a fibred 1-knot if and only if π ′ is finitely generated, C π (µ) ∼ = Z 2 and (π, C π (µ)) is a P D 3 -pair (Corollary 6.1).
notation
If G is a group let ζG and G ′ be the centre and commutator subgroup of G, respectively. Let C G (H) be the centralizer of a subgroup H ≤ G. The product of locally-nilpotent normal subgroups of G is again a locally-nilpotent normal subgroup, by the Hirsch-Plotkin Theorem, and the Hirsch-Plotkin radical √ G is the (unique) maximal such subgroup. (See Proposition 12.1.2 of [23] .) In general, √ G is elementary amenable, but need not be nilpotent.
If E is an elementary amenable group then it has a well-defined Hirsch length h(E) ∈ N ∪ {∞}. (See [15] or Chapter 1 of [11] .) If X is a space let β
i (X) be the ith L 2 Betti number of X, and let β 
2. P D 4 -complexes with χ = 0
A P D 4 -complex X with fundamental group π is strongly minimal if the equivariant intersection pairing on π 2 (X) is 0, equivalently, if the homomorphism from
is an isomorphism [12] . Note that X is aspherical if and only if it is strongly minimal and
Lemma 1. Let X be a finite P D 4 -complex with fundamental group π. If χ(X) = 0 and β (2) 1 (π) = 0 then X is strongly minimal. Proof. Since X is a finite complex the L 2 -Euler characteristic formula holds, and so χ(X) = β
) is an isomorphism, by part (3) of Theorem 3.4 of [11] .
The condition β (2) 1 (π) = 0 holds if π has an infinite normal subgroup which is amenable, or is finitely generated and of infinite index. (See Chapter 7 of [21] .)
, for all j, and the result is clear. Thus we may assume that T and G are infinite. Hence H 0 (G; Z[G]) = 0, and T acts trivially. We may write T = ∪ n≥1 T n as a strictly increasing union of finite subgroups. Then there are short exact sequences [16] 
, and so the LHS spectral sequence collapses to give
We may assume that g ∈ T n for all n, and so g acts trivially on H 0 (T n ; ZG), for all j and n. But then g acts trivially on lim
, by the functoriality of the construction. Hence every element of T acts trivially on
If π is a group and M is a right Z[π]-module let M be the conjugate left module, with π-action defined by g.m = mg −1 for all m ∈ M and g ∈ π.
Theorem 3. Let X be an orientable P D 4 -complex with fundamental group π. If X is strongly minimal and π has one end then π has no non-trivial locally-finite normal subgroup.
Proof. Let X be the universal cover of X, and let C * = C * (X; Z[π]) = C * ( X; Z) be the cellular chain complex of X. We assume that π acts on the left on X, and so C * is a complex of free left Z[π]-modules. Since π has one end,
. Poincaré duality and c X give an isomorphism Π ∼ = H 2 (X; Z[π]). Since X is strongly minimal, this in turn is isomorphic to H 2 (π; Z[π]).
Suppose that π has a nontrivial locally-finite normal subgroup T . Let g ∈ T have prime order p, and let C = g ∼ = Z/pZ. Then C acts freely on X, which has homology only in degrees 0 and 2. On considering the homology spectral sequence for the classifying map c X/C : X/C → K(C, 1), we see that H i+3 (C; Z) ∼ = H i (C; Π), for all i ≥ 2. (See Lemma 2.10 of [11] .) Since C has cohomological period 2 and acts trivially on Π, by Lemma 1, there is an exact sequence
On the other hand, since π is finitely presentable,
) is torsion-free, by Proposition 13.7.1 of [6] . Hence T has no such element g and so π has no such finite normal subgroup. Proof. If T is an ascending locally finite subgroup of π then a transfinite induction shows that the normal closure of T in π is locally finite. Theorems 8.1 and 9.1 of [11] are the bases for characterizations of the homotopy types of 4-dimensional infrasolvmanifolds and Seifert fibred 4-manifolds, respectively. Each assumes at some point that
We have long felt that this condition might be redundant. The results above justify this expectation for Theorem 9.1, which may now be stated as follows. The key points are that π has one end, since h(ρ) > 1, and the quotient of ρ by its maximal locally-finite normal subgroup τ is virtually solvable, since h(ρ) < ∞. Hence τ = 1, so ρ is virtually solvable, and then π has a nontrivial torsion-free abelian normal subgroup. Theorem 1.17 of [11] may then be used to show that H 2 (π; Z[π]) = 0, and the rest of the argument is as in [11] .
We We work with topological manifolds and locally flat embeddings. Thus a 2-knot is an embedding K : S 2 → S 4 which extends to a prod-
We can recover the exterior from the knot manifold M(K) by specifying the isotopy class of the core {0}×S
1 . By general position, this is determined by the conjugacy class of a meridian. A weight orbit in a knot group π is the orbit of a normal generator under the action of Aut(π). If each automorphism of π is realizable by a self-homeomorphism of M(K) then X(K) is determined by M(K) together with the weight orbit of a meridian for K. (In general, a 2-knot group may have many distinct weight orbits, corresponding to distinct knots giving rise to the same knot manifold. See §7 of Chapter 14 of [11] .)
If we reattach
we may recover a 2-knot, represented by the core S 2 × {0}. However there is a potential ambiguity of order 2 here, since S n × S 1 has an involution which does not extend across S n × D 2 , when n > 1 [7] . If this involution extends across X(K) then K is determined by its exterior; we say that K is reflexive. 
and if h(E) > 2 then E is torsion-free polycyclic, and h(E) = 3 or 4.
Proof. We may assume that π ′ is infinite. Then π has one end, and β (2) 1 (π) = 0, since π has an infinite amenable normal subgroup. Since M(K) is a closed 4-manifold, it is homotopy equivalent to a finite P D 4 -complex, and so is strongly minimal, by Lemma 1. The torsion subgroup of A is characteristic, and so is normal in π. Hence A is torsion-free, by Theorem 3. Therefore either π ∼ = Φ or M(K) is aspherical or A ∼ = Z and π/A has infinitely many ends, by Theorem 15.7 of [11] . If M(K) is aspherical then E has finite cohomological dimension, and so is virtually solvable [15] . (See Corollary 1.9.2 of [11] .) If π/A has infinitely many ends then E/A is finite, since it is an elementary amenable normal subgroup in π/A. In all cases E is in fact virtually torsion-free solvable.
Since π has one end, E has no non-trivial finite normal subgroup. Hence if h(E) = 1 then √ E is torsion-free, abelian and of index ≤ 2 in E. If E is not finitely generated, neither is √ E. In this case π ∼ = Φ or M(K) is aspherical (by Theorem 15.7 of [11] , as above), so π is torsion-free, and E must be abelian.
If h(E) = 2 then M(K) is aspherical, E is torsion-free and π/E is virtually a P D 2 -group, by Theorems 9.1 and 16.2 of [11] . Since M(K) is orientable, E cannot be the Klein bottle group, and so E ∼ = Z 2 . If h(E) > 2 then π is torsion-free polycyclic and h(π) = 4, by Theorem 8.1 of [11] , so h(E) = 3 or 4. Proof. If π is elementary amenable and h(π) < ∞ then either π ′ is finite or π has one end. In the latter case π has no nontrivial locally-finite normal subgroup, by Lemma 1 and Theorem 3, and so π is virtually solvable, by Corollary 1.9.2 of [11] .
If π has a solvable normal subgroup S of finite index then the lowest nontrivial term of the derived series for S is abelian, and is characteristic in S. Hence it is normal in π, and Theorem 4 applies.
Finally, (3) clearly implies the other conditions.
It is enough to assume that π is elementary amenable and has a nontrivial abelian normal subgroup. Can we relax "virtually solvable" further to "elementary amenable", or even just "amenable"? If π ∼ = Φ then K is TOP isotopic to Fox's Example 10 or its reflection Example 11 [12] , while if π is torsion-free polycyclic then it is one of the groups described in §4 of Chapter 16 of [11] , and π determines M(K) up to homeomorphism, by Theorem 17.4 of [11] . Proof. Since √ π is locally nilpotent it has a maximal locally-finite normal subgroup T with torsion-free quotient. If √ π is finitely generated there is nothing to prove. Otherwise, π has one end and so T is trivial, by Theorem 3. If T = 1 and h( √ π) ≤ 2 then √ π is abelian; if h( √ π) > 2 then π is virtually polycyclic and h(π) = 4, by Theorem 8.1 of [11] . In each case √ π is nilpotent.
Every finitely generated abelian group is the centre of some highdimensional knot group [10] . On the other hand, the only 1-knots whose groups have nontrivial abelian normal subgroups are the torus knots, for which √ π = ζπ ∼ = Z and ζπ ∩ π Proof. If π has two ends then π ′ is finite, and so ζπ is finitely generated and of rank 1. It follows from the classification of such 2-knot groups (see Chapter 15 of [11] ) that ζπ ∼ = Z ⊕ Z/2Z if π ′ has even order, and otherwise ζπ ∼ = Z.
Part (2) follows from Theorem 4, while part (3) is clear.
Note that π has finitely many ends if π ′ is finitely generated, or if ζπ is infinite. When π has more than one end Lemma 2.10 of [11] either does not lead to a contradiction or does not apply.
If ζπ is a nontrivial torsion group then it is finite. Yoshikawa constructed an example of a 2-knot whose group π has centre of order 2 [28] . It is easy to see that √ π = ζπ in this case. The construction may be extended as follows. Let q > 0 be odd and let k q be a 2-bridge knot such that the 2-fold branched cyclic cover of S 3 , branched over k q is a lens space L(3q, r), for some r relatively prime to q. Let K 1 = τ 2 k q be the 2-twist spin of k q , and let K 2 = τ 3 k be the 3-twist spin of a nontrivial knot k. Let γ be a simple closed curve in X(K 1 ) with image [γ] ∈ πK 1 of order 3q, and let w be a meridian for K 2 . Then w 3 is central in πK 2 . The group of the satellite of K 1 about K 2 relative to γ is the generalized free product
(See [17] .) Hence √ π = w 3 ∼ = Z/qZ, while ζπ = 1. If we use a 2-knot K 1 with group (Q(8) × Z/3qZ) ⋊ θ Z instead and choose γ so that [γ] has order 6q then we obtain examples with √ π ∼ = Z/2qZ and ζπ = Z/2Z. (Knots K 1 with such groups may be constructed by surgery on sections of mapping tori of homeomorphisms of 3-manifolds with fundamental group Q(8) × Z/3qZ [27] .)
If ζπ has rank 1 and nontrivial torsion then π ′ is finite, and ζπ is finitely generated.
If ζπ has rank 1 but is not finitely generated then M(K) is aspherical. It is not known whether there are such 2-knots (nor, more generally, whether abelian normal subgroups of rank 1 in P D n -groups with n > 3 must be finitely generated). What little we know about this case is as follows. Since ζπ < π ′ and π/π ′ ∼ = Z, we must have ζπ ≤ π ′′ . Since ζπ is torsion-free of rank 1 but is not finitely generated, c.d.ζπ = 2. Hence if G is a nonabelian subgroup which contains ζπ then c.d.G ≥ 3, by Theorem 8.6 of [2] . If H is a subgroup of π such that H ∩ ζπ = 1 then H.ζπ ∼ = H × ζπ is not finitely generated, and so has infinite index in [24] . Theorem 5.5 of [2] gives, firstly, that c.d.H ≤ 2, and then, that if H is F P 2 then c.d.H ≤ 1, and so H is free. Thus if π is almost coherent every subgroup either meets ζπ nontrivially or is locally free.
If ζπ has rank > 1 then M(K) is aspherical and ζπ ∼ = Z 2 , by Theorem 16.3 of [11] .
The following questions remain open: (i) if ζπ has rank 1, must it be finitely generated?
(ii) if ζπ is finite, must it be Z/2Z or 1? (iii) is there a 2-knot group π with √ π a non-cyclic finite group?
(iv) if π is elementary amenable is it virtually solvable? In each case the answer is "yes" if π ′ is finitely presentable, for then the infinite cyclic cover M(K) ′ is homotopy equivalent to a P D 3 -complex, by Theorem 4.5 of [11] .
geometric dimension 2
The only solvable 2-knot groups with deficiency 1 are Z and Φ. One of the early triumphs of 4-dimensional surgery was Freedman's unknotting criterion: 2-knots with group Z are topologically trivial. In [12] we showed that any 2-knot K with group Φ is topologically equivalent to Fox's Example 10 or its reflection (Example 11). The argument involved showing that (i) π = πK determines the homotopy type of M(K); (ii) W h(π) = 0 and the surgery assembly homomorphisms A * (π) : The group Φ has geometric dimension 2 (g.d.Φ = 2): there is a finite 2-dimensional K(Φ, 1) complex. Our strategy for (i) uses the fact that M(K) is strongly minimal if g.d.π = 2, since χ(M(K)) = 0 = 2χ(π). It should extend to all knot groups π with g.d.π = 2, but at present is incomplete; there is a 2-torsion condition which holds for Φ, but is not otherwise easily verified. (See [13] for a much expanded exposition of [12] and earlier work.) When g.d.π = 2 and π ′ is finitely generated there is a quite different argument. For then π ′ is free of finite rank, and M(K) is homotopy equivalent to the mapping torus of a self-homeomorphism of # r (S 2 × S 1 ), where r is the rank of π ′ . (See Corollary 4.5.3 of [11] .)
Step (ii) holds if π is a 1-knot group, or is square root closed accessible, or is in the class X of fundamental groups of finite graphs of groups with all vertex and edge groups Z. (See Lemma 6.9 of [11] .) Semidirect products F (r) ⋊ Z are square root closed accessible, while Φ is in X .
At the time of writing, the largest known class of groups for which 4-dimensional topological surgery works is the class SG obtained from subexponential groups by taking increasing unions and extensions. To go beyond this class we must work modulo TOP s-cobordisms (or sconcordances of 2-knots) rather than expect homeomorphisms.
Step (iv) fails for other knot groups π with g.d.π = 2. In general, we must specify a weight orbit in order to recover X(K) from M(K).
The final step (v) is not satisfied by all 2-knots. However, those which have a Seifert hypersurface with free fundamental group are reflexive. Fibred 2-knots with π ′ free and ribbon 2-knots have such Seifert hypersurfaces [26] .
The difficulty with (i) has been bypassed in [9] , which shows directly that an orientable 4-manifold M with π = π 1 (M) such that g.d.π = 2 and π "satisfies properties W -AA" (i.e., (ii) holds) is determined up to s-cobordism by π, the second Wu class w 2 (M) and the equivariant intersection pairing on π 2 (M).
Theorem 5. Let π be a 2-knot group with deficiency 1. If either (1) π is the group of a 1-knot; or (2) π ′ is finitely generated; or (3) β Proof. We may assume that π ∼ = Z.
If π is a 1-knot group then g.d.π = 2 and β (2) 1 (π) = 0, by Theorem 4.1 of [21] , while W h(π) = 0 and the surgery assembly homomorphisms A * (π) are isomorphisms [1] . If π ′ is finitely generated then β
1 (π) = 0, while if def(π) = 1 and β (2) 1 (π) = 0 then g.d.π = 2, by Theorem 2.5 of [11] . In particular, if π ′ is finitely generated and def(π) = 1 then π ′ is free and so π ∼ = π ′ ⋊Z is square root closed accessible. Hence (2) ⇒ (3), which implies that W h(π) = 0 and the A * (π) are isomorphisms [3] . Thus in each case π satisfies properties W -AA of [9] .
In each case π is torsion-free, and so has one end [19] , and β
1 (π) = 0. Hence M(K) is strongly minimal, by Lemma 1. Since M(K) is orientable, w 2 (M(K)) = 0, the equivariant intersection pairing on π 2 (M(K)) is trivial and π satisfies properties W -AA, π determines M(K) up to s-cobordism, by the main result of [9] . More precisely, if K 0 and K 1 each have group π and their weight orbits correspond under an isomorphism θ :
The weight orbit of a meridian determines a properly embedded annulus in W with boundary components meridians for K 0 and K 1 . Excising an open product neighbourhood of this annulus gives a relative scobordism between the exteriors, and hence an s-concordance between the knots, modulo reflections and the Gluck ambiguity.
Beyond this, there is some reason to hope that all 2-knots with groups of deficiency 1 should be so determined. The exact state of affairs is contingent upon the outcome of several well-known conjectures. Let DW be the class of groups with deficiency 1 and weight 1. Kervaire showed that every group in DW is the group of a smooth knot in a smooth homotopy 4-sphere [18] . He first constructs a knot manifold as the boundary of a 5-manifold obtained from D 5 by attaching 1-and 2-handles, and so the groups are realized by homotopy ribbon knots.
If the Andrews-Curtis Conjecture is true then groups in DW have Wirtinger presentations of deficiency 1, and so are groups of ribbon 2-knots [29] . (In particular, these are smooth knots in A conjecture which has perhaps been less studied has implications for characterizing 1-knot groups, and thus for recognizing the Artin spins of 1-knots. If π is a nontrivial 1-knot group and T ∼ = Z 2 is the subgroup generated by a meridian-longitude pair (µ, λ) then (π, T ) is a P D 3 -pair. (When the knot is prime the subgroup T is unique up to conjugacy.) If finitely presentable P D 3 -groups are fundamental groups of aspherical closed 3-manifolds then the converse holds: every P D 3 -pair (π, T ) in which T ∼ = Z 2 contains a normal generator is the group of a 1-knot. This is known in the fibred case. The following result is essentially Theorem 5 of [25] , which is in turn a reformulation of Theorem 9.2.3 of [22] , taking into account first the determination of P D 2 -groups and pairs, and more recently Perelman's proof of the Poincaré Conjecture. (1) π is the group of a fibred 1-knot ; (2) π has a subgroup ∆ ∼ = Z 2 which contains a normal generator and such that (π, ∆) is a P D 3 -pair, and π ′ is finitely generated; (3) π has a subgroup ∆ = µ, λ ∼ = Z 2 , where µ is a normal generator and λ ∈ π ′′ , and such that (π ′ , λ ) is a P D 2 -pair.
Proof. If π ∼ = πk, where k is a nontrivial 1-knot, then X(k) is aspherical, ∂X(k) is an incompressible torus, and π is normally generated by a meridian on ∂X(k). Hence ∆ = π 1 (∂X(k)) ∼ = Z 2 contains a normal generator and (π, ∆) is a P D 3 -pair. If X(k) fibres over S 1 with fibre F then π ′ ∼ = π 1 (F ) is finitely generated. Thus (1) implies (2). If (2) holds then π/π ′ ∼ = Z, and so T has a basis µ, λ, where µ is a normal generator and λ generates T ∩ π ′ ∼ = Z. In fact, λ is in π ′′ , since µ commutes with λ and π/π ′ ∼ = Z. Since def(π) = 1 and π ′ is finitely generated, π ′ is free, and so is F P . Hence (π ′ , λ ) is a P D 2 -pair, by a Shapiro's Lemma argument, as in Theorem 1.19 of [11] . Thus (2) implies (3). If (3) holds then (π ′ , λ ) is the fundamental group pair of a surface S with boundary ∂S = S 1 [4] . The group π is a semidirect product π ∼ = π ′ ⋊ θ Z, where the monodromy θ fixes λ. Hence it is realized by a self-homeomorphism f of S, by Nielsen's Theorem. (See Theorem 5.7.1 of [30] .) We may adjoin a solid torus to the mapping torus M(f ) to get a homotopy 3-sphere containing a knot with exterior M(f ). Thus π is the group of a fibred 1-knot, by the validity of the Poincaré Conjecture.
Corollary 6.1. A nontrivial 2-knot with group π and meridian µ is s-concordant to the Artin spin of a fibred 1-knot if and only if π ′ is finitely generated, C π (µ) ∼ = Z
